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In this note we write the formal expression for the perturbation serie of an
eigenvalue at any order.

1 Eigenvalue Perturbation Theory

Let Ay (t) > Aa(t) > -+ > An(t) the eigenvalue of the symmetric matrix A +tB.
We denote A\; = A;(0) to shorten the notation and assume that A is diagonal
A = diag(Ay,--- ,An). Let i € {1,---, N}, we assume that at ¢t = 0, the i-th
eigenvalue is non degenerate : A;_1 > A\; > A\;y1. Let /\Ek) the k—term of the
development in perturbation theory

Ai(t) =Dl
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We denote f,gz) the m—th derivative of the function
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where we identify jri+1 = j1.

Theorem 1. For k > 2, we have
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In short to compute the expression of the k — th order perturbation it is
enough to

1. Draw all the paths of lenght & in {1,---, N} and at each step ! multiply

b LTSSy
(Zf/\jl)

2. In each expression, put the (Z_l/\i) aside and for each of these terms dif-

ferentiate in z what is left.

3. Sum everything.



2 Proof of Theorem 1,

To prove Theorem 1, we start with the following lemma. Let € > 0 and T' > 0
small enough so that V¢ € [T, T,

)\ifl(t) > )\2(0) +e> )\z(t) > )\Z(0> —€> )\7;+1(t)
Let C.(7) the small circle in C around \;(0) of radius that is the i-th eigenvalue.

Lemma 2. Fork >1
1
)\(k):—¢ Tr([(z — A) "' B]*)dz.
Y= B, Tl A Bl

Proof of Lemma 2. Here Vt € [—T,T], \;(t) stay inside the circle and the others
eigenvalues stay outside. With the Cauchy formula we have
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Ai(t) = —
0= 2 Ce(i)

2Tr((z — A—tB) Y)dz
We write down the development
(z—A—tB) ' = (I —-t(z—A)'B)(z—A)~!

=> t*[(z— A)7'BIF(z — A)~!
k=0

and we obtain

Remark that

%Tr([(z — A)7'BF = —kTr([(2 — A) B (2 — A)7Y).

Therefore for k > 1
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Proof of Theorem 1. We use Lemma 2 with A = diag(\1,---, An) to obtain

)\(_k) % Juz+1 d
v Z’Lﬂ'k C. ( )
1<J17 WJESN =

_ k
Z 2'1]€§£ ; __ Z Il Bijiss I
m—o 21T Je. (i) (2= Ni) j

1< e Tk, 20, 2 = )
|Gt =t

R‘M—l

1
ZH

where we identify ji1 = j1 and denote f,gf,z the m—th derivative of the function
fem asin (1 ) We remark that fx 1 = BL so for k > 2, flfkjl)(z) =0 and

then A" = L5742 L £y, O

3 Application of the formula : compute the first
orders.r
We compute here the first value of this development. Here we denote ) for
2 jefl o NI}
1. We have fi 9(z) = B;; and then
AV = B,
2. We have BB+ BB
fonlz) = jiDij ijDji
2 (z=A))

and therefore

3. We have
For(z) = ; Bi;BjiBii + B(Z?U)f;z + B;;B;;B;j
so we obtain
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4. We have
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so we obtain
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